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Appendix I 

 

Proofs for Section 3.4.4 

 

 Here we present the technical details for Section 3.4.4.  Define a set of display 

scalars as follows: 

 

 DS = {red, green, blue, transparency, reflectivity, vectorx, vectory, vectorz, 

  contour1, ..., contourn, x, y, z, animation, selector1, ..., selectorm} 

 

 Also define a subset of display scalars 

DOMDS = {x, y, z, animation, selector1, ..., selectorm} and define 

YDOMDS = X{Id | d ∈ DOMDS} and Y = X{Id | d ∈ DS}.  Let 

PDOMDS :Y → YDOMDS be the natural projection from Y onto YD (that is, if a ∈ Y and 

b = PDOMDS(a), then for all d ∈ DOMDS, bd = ad).  Then we can define Vdisplay as 

follows. 

 

 Def. Vdisplay = {A ∈ V | ∀b, c ∈ MAX(A). PDOMDS(b) = PDOMDS(c) ⇒ 

b = c}.  That is, if A is an object in Vdisplay, then different tuples in A cannot have the 

same set of values for all display scalars in DOMDS. 

 

 In Prop. I.4 we will define conditions under which the displays of data objects are 

members of Vdisplay.  First, we prove three lemmas.  Note that we use the notation ad 

for the d component of a tuple a ∈ X{Id | d ∈ DS}. 
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 Prop. I.1. Given a type t ∈ T and A ∈ D(Ft), then, for all tuples a ∈ A, 

∀d ∈ DS. (d ∉ MAPD(SC(t)) ⇒ ad = ⊥). 

 Proof. There is B ∈ Ft such that A = D(B).  By Prop. F.12 for any a ∈ A there is 

b ∈ U such that ↓a = D(↓b).  Since ↓a ≤ A, ↓b ≤ B so b ∈ B.  Furthermore, by Prop. 

F.12, if ad ≠ ⊥ then there is s ∈ S and bs ≠ ⊥ such that 

↓(⊥,...,ad,...,⊥) = D(↓(⊥,...,bs,...,⊥)) and d ∈ MAPD(s).  By Prop. D.1, 

∀s ∈ S. (bs ≠ ⊥ ⇒ s ∈ SC(t)).  Thus ad ≠ ⊥ ⇒ d ∈ MAPD(SC(t)).   

 

 Prop. I.2. Given a tuple type t = struct{t1;...;tn} ∈ T, A ∈ D(Ft) and 
a = a1∨...∨an ∈ A, where ∀i . ai ∈ Ai ∈ D(F ), then a ∈ MAX(A) ⇔ ∀i. ai ∈ MAX(Ai). ti

ti iF∈

 Proof. Note that a and the ai are tuples, and the sup of tuples is taken 

componentwise, so ∀d ∈ DS. ad = a1d∨...∨and.  Also note that 

i ≠ j ⇒ SC(ti) ∩ SC(ti) = φ, and, by Prop. F.9, 

i ≠ j ⇒ MAPD(SC(ti)) ∩ MAPD(SC(ti)) = φ.  If there is some i such that ai ∉ MAX(Ai), 

then ∃bi ∈ Ai. ai < bi so b = a1∨...∨bi∨...∨an ∈ A.  Now, ai < bi ⇒ ∃d ∈ DS. aid < bid 

and (since j ≠ i ⇒ ajd = ⊥ = bjd) ad = aid and bd = bid, so a < b.  Thus a ∉ MAX(A).  

Conversely, if a ∉ MAX(A) then ∃b ∈ A. a < b with a = a1∨...∨an, b = b1∨...∨bn, and 

∀i. ai,bi ∈ Ai.  For some d ∈ DS, ad < bd.  Thus bd > ⊥ so ∃j. d ∈ MAPD(SC(tj)), and so  

ad < bd ⇒ aj < bj (since ad = ajd and bd = bjd).  Thus aj ∉ MAX(Aj).   

 
 Prop. I.3. Given a tuple type t = struct{t1;...;tn} ∈ T, and given B  and 

Ai = D(Bi) for i=1,..,n, then: 

(a) if bi ∈ Bi and ↓ai = D(↓bi) for i=1,..,n, then ↓(a1∨...∨an) = D(↓(b1∨...∨bn)) 

(b) Ai = {ai | ∃bi ∈ Bi.↓ai = D(↓bi)} 

(c) \/{↓(a1∨...∨an) | ∀i. ai ∈ Ai} = {a1∨...∨an | ∀i. ai ∈ Ai} 
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 Proof. First we prove (a).  Note that the ai and bi are tuples.  By Prop. D.1, 

∀i ≠ j. ∀s ∈ S. (bis = ⊥ or bjs = ⊥), so (b1∨...∨bn) exists.  Also, by Prop. D.1 and by 

Prop. F.12, ∀d ∈ DS. d ∉ MAPD(SC(ti)) ⇒ ad = ⊥, and by Prop. F.9, 

∀i ≠ j. MAPD(SC(ti)) ∩ MAPD(SC(tj)) = φ, so ∀i ≠ j. ∀d ∈ DS. (aid = ⊥ or ajd = ⊥), 

and so (a1∨...∨an) exists.  Given ↓ai = D(↓bi) then by Prop. F.12, the components of bi 

determine the components of ai.  If ↓x = D(↓(b1∨...∨bn)) then the components of 

(b1∨...∨bn) determine the components of x.  Since ∀i ≠ j. ∀s ∈ S. (bis = ⊥ or bjs = ⊥), 

the components of (b1∨...∨bn) are just the components of each of the bi, so x = 

(a1∨...∨an), proving (a). 

 By Prop. F.12, for all bi ∈ Bi there is ai ∈ Ai = D(Bi) such that ↓ai = D(↓bi), so 

Ai ⊇ {ai | ∃bi ∈ Bi.↓ai = D(↓bi)}.  Conversely, by Prop. F.12, for all ai ∈ Ai there is 

bi ∈ Bi such that ↓ai = D(↓bi), so Ai ⊆ {ai | ∃bi ∈ Bi.↓ai = D(↓bi)}.  Together these 

prove (b). 

 Clearly, \/{↓(a1∨...∨an) | ∀i. ai ∈ Ai} ⊇ {a1∨...∨an | ∀i. ai ∈ Ai}.  Pick 

a ∈ \/{↓(a1∨...∨an) | ∀i. ai ∈ Ai}.  By Prop. C.10, there is a directed set 

M ⊆ U{↓(a1∨...∨an) | ∀i. ai ∈ Ai} such that a = \/M.  However, 

U{↓(a1∨...∨an) | ∀i. ai ∈ Ai} = {c | (∀i. ∃ai ∈ Ai). c ≤ (a1∨...∨an)}. 

Now, for c ≤ (a1∨...∨an), by Prop. C.9, c = ((c∧a1)∨...∨(c∧an)) where (c∧ai) ∈ Ai, so 

c ∈ {a1∨...∨an | ai ∈ Ai}.  Thus M ⊆ {a1∨...∨an | ai ∈ Ai} such that a = \/M.  For each 

m ∈ M, let m = (m1∨...∨mn) where  mi ∈ Ai.  Then, since sups of tuples are taken 

componentwise and since ∀i ≠ j. ∀d ∈ DS. (mid = ⊥ or mjd = ⊥)), 

a = \/M = {(\/m1)∨...∨(\/mn)) | m ∈ M}.  However, (\/mi) ∈ Ai since  Ai is closed, so 

a ∈ {a1∨...∨an | ai ∈ Ai}.  This proves (c).   
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 Now we show that MAX(A) is finite for data objects of types t ∈ T, and 

demonstrate conditions on t and D that ensure that displays of data objects of type t are in 

Vdisplay. 

 

 Prop. I.4. If D is a display function, then for all types t ∈ T and all A ∈ D(Ft), 

MAX(A) is finite.  Furthermore, MAPD(DOM(t)) ⊆ DOMDS ⇒ D(Ft) ⊆ Vdisplay. 

 Proof. We will demonstrate both parts of this proposition by induction on the 

structure of t.  Note that if t' is a subtype of t, then MAPD(DOM(t')) ⊆ MAPD(DOM(t)).  

Thus, if t satisfies the hypothesis of the second part, then its subtypes also satisfy the 

hypothesis of the second part. 

 Let t ∈ S (note that MAPD(DOM(t)) = φ ⊆ DOMDS) and let A ∈ D(Ft).  Then, by 

the Theorem F.14, ∃d ∈ MAPD(t). A ∈ Vd.  Furthermore, 

A ∈ Vd ⇒ ∃a ∈ Id. A = ↓(⊥,...,a,...,⊥), so MAX(A) = {(⊥,...,a,...,⊥)}.  MAX(A) has a 

single member and is thus finite.  Therefore A ∈ Vdisplay and thus 

t ∈ S ⇒ D(Ft) ⊆ Vdisplay. 

 Let t = struct{t1;...;tn} ∈ T.  Given A ∈ D(Ft) there is B ∈ Ft such that A = D(B) 
and ∃B1 ∈Ft1 tn... ∃Bn ∈F . B = {(b1∨...∨bn) | ∀i. bi ∈ Bi}.  Also let Ai = D(Bi).  Then 

 

 A = D(B) = 

 D(\/{↓b | b ∈ B}) =     (by Prop. B.3) 

 \/{D(↓b) | b ∈ B} = 

 \/{D(↓(b1∨...∨bn)) | ∀i.bi ∈ Bi} =    (by Prop. I.3 (a)) 

 \/{↓(a1∨...∨an) | ∀i.↓ai = D(↓bi) & bi ∈ Bi} =    (apply Prop. I.3 (b) to each i) 

 \/{↓(a1∨...∨an) | ∀i.ai ∈ Ai} =    (by Prop. I.3 (c)) 

 {(a1∨...∨an) | ∀i.ai ∈ Ai} 
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Thus A ∈ D(Ft) ⇒ ∃A1 ∈ D(Ft1 tn)... ∃An ∈ D(F ). A = {(a1∨...∨an) | ∀i. ai ∈ Ai} and 

by Prop. I.2, MAX(A) = {(a1∨...∨an) | ∀i. ai ∈ MAX(Ai)}.  By the inductive hypothesis, 

the MAX(Ai) are finite, so MAX(A) is finite.  Now assume that MAPD(DOM(t)) ⊆ 

DOMDS but that A ∉ Vdisplay (that is, assume that the second part of the proposition is 

not true).  Then ∃b, c ∈ MAX(A). PDOMDS(b) = PDOMDS(c) & b ≠ c.  Let b = 

b1∨...∨bn and c = c1∨...∨cn where ∀i. bi, ci ∈ Ai.  The sups are taken componentwise for 

the tuples b and c, so for all d ∈ DS, bd = b1d∨...∨bnd and cd = c1d∨...∨cnd.  Now 

PDOMDS(b) = PDOMDS(c) ⇒ ∀d ∈ DOMDS. bd = cd.  Pick d ∈ DOMDS, and we will 

show that ∀i. bid = cid.  If ∃i. d ∈ MAPD(SC(ti)) then ∀i' ≠ i. d ∉ MAPD(SC(ti')) and 

hence ∀i' ≠ i. bi'd = ⊥ = ci'd so that bid = bd = cd = cid, and hence ∀i. bid = cid.  If 

∀i. d ∉ MAPD(SC(ti)) then ∀i. bid = ⊥ = cid.  Either way, PDOMDS(b) = PDOMDS(c) 

implies that ∀d ∈ DOMDS. ∀i. bid = cid and so ∀i. PDOMDS(bi) = PDOMDS(ci).  On 

the other hand, b ≠ c ⇒ ∃e ∈ DS. be ≠ ce.  However, e ∉ MAPD(SC(ti)) ⇒ bie = ⊥ = cie 

and ∀i. e ∉ MAPD(SC(ti)) would imply be = ⊥ = ce.  Thus ∃j. e ∈ MAPD(SC(tj)), and 

for this j, bje = be = ce = cje (since bie = ⊥ = cie for i ≠ j).  And this implies that, for this 

j, bj ≠ cj.  However, by the inductive hypothesis, bj = cj, since we have already shown 

that PDOMDS(bj) = PDOMDS(cj).  Thus the assumption that A ∉ Vdisplay has led to a 

contradiction, so D(Ft) ⊆ Vdisplay. 

 Let t = (array [w] of r) ∈ T.  Given A ∈ D(Ft) there is 

B ∈ Ft such that A = D(B), and there is a finite set G ∈ FIN(Hw) and a function 

a ∈ (G → Hr) such that 

 

 B = {b1∨b2 | g∈G & b1∈Ew(g) & b2∈Er(a(g))} = 
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 U{{b1∨b2 | b1∈Ew(g) & b2∈Er(a(g))} | g∈G} 

 

Define Bw(g) = Ew(g)∈Fw, Br(g) = Er(a(g))∈Fr, Aw(g) = D(Bw(g))∈D(Fw) and 

Ar(g) = D(Br(g))∈D(Fr).  Then 

 

 B = U{{b1∨b2 | b1∈Bw(g) & b2∈Br(g)} | g∈G} 

 

This is a finite union of objects in Fstruct{w; r} for the tuple type struct{w; r}.  Thus, 

since the union of a finte set of closed sets is the sup of those sets, and since D preserves 

sups, 

 

 A = D(B) = U{D({b1∨b2 | b1∈Bw(g) & b2∈Br(g)}) | g∈G} 

 

which, as shown in the tuple case of this proof, is equal to 

 

 U{{a1∨a2 | a1∈Aw(g) & a2∈Ar(g)} | g∈G} 

 

Recall that MAX(A) is the set of maximal elements of A, so it is clear that if A = A1 ∪ A2, 

then MAX(A) ⊆ MAX(A1) ∪ MAX(A2).  Thus 

 

 MAX(A) ⊆ U{MAX({a1 ∨ a2 | a1 ∈ Aw(g) & a2 ∈ Ar(g)}) | g ∈ G} 

 

and so, by Prop. I.2, 

 

 MAX(A) ⊆ U{{a1 ∨ a2 | a1 ∈ MAX(Aw(g)) & a2 ∈ MAX(Ar(g))} | g ∈ G} 
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G is finite, and by the inductive hypothesis, MAX(Aw(g)) and MAX(Ar(g)) are finite, so 

MAX(A) is finite. 

 Now assume that MAPD(DOM(t)) ⊆ DOMDS.  As shown for scalars, 

MAX(Aw(g)) has a single member, MAX(Aw(g)) = {a1(g)}.  Applying Prop. F.12, 

Aw(g) = ↓a1(g) = D(Ew(g)) = D(↓b1(g)) where b1(g) = (⊥,...,g,...,⊥).  If g ≠ g', then 

b1(g) ≠ b1(g') and a1(g) ≠ a1(g').  Also, given g, there is d ∈ MAPD(w) such that 

a1(g) = (⊥,...,a1d(g),...,⊥).  Since w ∈ DOM(t), then MAPD(w) ⊆ DOMDS and 

d ∈ DOMDS.  Thus g ≠ g' ⇒ a1(g) ≠ a1(g') ⇒ PDOMDS(a1(g)) ≠ PDOMDS(a1(g')). 

 Now pick e, f ∈ MAX(A) and assume that PDOMDS(e) = PDOMDS(f).  Let 

e = e1∨e2 and f = f1∨f2 with e1 ∈ MAX(Aw(ge)), f1 ∈ MAX(Aw(gf)), e2 ∈ MAX(Ar(ge)) 

and f2 ∈ MAX(Aw(gf)).  From what we have just seen, 

ge ≠ gf ⇒ PDOMDS(e1) ≠ PDOMDS(f1).  However, since w ∉ SC(r), 

MAPD(w) ∩ MAPD(SC(r)) = φ so 

PDOMDS(e1) ≠ PDOMDS(f1) ⇒ PDOMDS(e) ≠ PDOMDS(f).  This contradicts our 

assumption, so we must have ge = gf and, since MAX(Aw(g)) has a single member for 

each g, e1 = f1.  Now e2, f2 ∈ MAX(Ar(ge)) and MAPD(w) ∩ MAPD(SC(r)) = φ implies 

that PDOMDS(e) = PDOMDS(f) ⇒ PDOMDS(e2) = PDOMDS(f2).  By the inductive 

hypothesis, Ar(ge) ∈ Vdisplay, so  PDOMDS(e2) = PDOMDS(f2) ⇒ e2 = f2.  Thus e = 

e1∨e2 = f1∨f2 = f, establishing that A ∈ Vdisplay and that D(Ft) ⊆ Vdisplay.   

 

 The next proposition shows that the auxiliary function D' provides a way to 

compute the maximal tuples of display objects. 
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 Prop. I.5. If D is a display function, if D' is the auxiliary function defined in 

Appendix H, if t ∈ T and if A ∈ Ft, then MAX(D(A)) = {D'(a) | a ∈ MAX(A)} 

 Proof. By Prop. H.5, D(A) = {D'(a) | a ∈ A}.  By Prop. H.2, D' is an order 

embedding, so, given a, b ∈ A, ¬(a < b) ⇔ ¬(D'(a) < D'(b)).  Thus 

a ∈ MAX(A) ⇔ D'(a) ∈ MAX(D(A)).   

 

 The inverse of the second part of Prop. I.4 is almost true.  The next two 

propositions make this precise. 

 

 Prop. I.6. If D is a display function, if t = (array [w] of r) ∈ T, and if 
∃g1, g2 ∈ Hw. (g1 ≠ g2 & D(↓(⊥,...,g1,...,⊥)) = ↓b1 ∈ Vd1

 & 

  D(↓(⊥,...,g2,...,⊥)) = ↓b2 ∈ Vd2

d1 d2

1 1 2 2

 & d1, d2 ∉ DOMDS), 

then ∃A ∈ D(Ft). A ∉ Vdisplay. 

 Proof. Let G = {g1, g2} ∈ FIN(Hw), pick C ∈ Hr, and define f ∈ (G→Hr) by 

f(g1) = C and f(g2) = C.  Pick c ∈ Er(C) such that D(↓c) = ↓a and a ∈ MAX(D(Er(C))).  

Then (⊥,...,g1,...,⊥)∨c and (⊥,...,g1,...,⊥)∨c are both members of  Et(f) ∈ Ft.  Note that 

D(↓((⊥,...,g1,...,⊥)∨c)) = ↓(a∨b1) and D(↓((⊥,...,g2,...,⊥)∨c)) = ↓(a∨b2), so a∨b1 and 

a∨b2 are both members of D(Et(f)).  Clearly b1 ∈ MAX(D(↓(⊥,...,g1,...,⊥))) and 

b2 ∈ MAX(D(↓(⊥,...,g2,...,⊥))) (since b1 and b2 are maximal in ↓b1 and ↓b2).  

Furthermore, since w ∉ SC(r), d1 ∉ MAPD(SC(r)) and d2 ∉ MAPD(SC(r)), so a∨b1 and 

a∨b2 are members of  MAX(D(Et(f))).  For all d ∈ DOMDS, b1d = ⊥ and b2d = ⊥, so 

PDOMDS(a∨b1) = PDOMDS(a∨b2).  Since w ∉ SC(r), d1 ∉ MAPD(SC(r)) and 
d2 ∉ MAPD(SC(r)), so a  = ⊥ and a  = ⊥.  However, g1 ≠ g2 so b1 ≠ b2 and hence 

(a∨b1)d  ≠ (a∨b2)d  and (a∨b1)d  ≠ (a∨b2)d  (d1 and d2 may or may not be the 

same).  Thus (a∨b1) ≠ (a∨b2), so D(Et(f)) ∉ Vdisplay.   
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 Prop. I.7. If D is a display function, if t ∈ T, and if t has a sub-type t' such that 

∃A' ∈ D(Ft'). A' ∉ Vdisplay, then ∃A ∈ D(Ft). A ∉ Vdisplay. 

 Proof. By an inductive argument, it is enough to prove this when t' is an 

immediate sub-type of t.  First, let t be a tuple t = struct{t1;...;tn} where t' = tk.  Let Ak = 

A' and pick 

ak, ak' ∈ MAX(Ak) such that PDOMDS(ak) = PDOMDS(ak') and ak ≠ ak'.  For i ≠ k, pick 
 and ai ∈ MAX(Ai).  Then define A = {b1∨...∨bn | bi ∈ Ai} ∈ D(Ft).  For i ≠ 

j, MAPD(SC(ti)) ∩ MAPD(SC(tj)) = φ so a = a1∨...∨ak∨...∨an ∈ MAX(A) and 

A D ti iF∈ ( )

a' = a1∨...∨ak'∨...∨an ∈ MAX(A).  Now 

PDOMDS(a1∨...∨an) = PDOMDS(a1)∨...∨PDOMDS(an) and PDOMDS(ak) = 

PDOMDS(ak') so PDOMDS(a1∨...∨ak∨...∨an) = PDOMDS(a1∨...∨ak'∨...∨an).  

However, ak ≠ ak' so a1∨...∨ak∨...∨an ≠ a1∨...∨ak'∨...∨an.  Thus A ∉ Vdisplay. 

 Next, let t be an array t = (array [w] of r).  In the proof of Prop. I.4 we saw that 

MAX(B') has only a single member for any B' ∈ D(Fw), and hence B' ∈ Vdisplay.  Thus 

t' = r and A' ∈ D(Fr).  Pick G = {g} ∈ FIN(Hw), pick b, c ∈ MAX(A') such that 

PDOMDS(b) = PDOMDS(c) and b ≠ c, and define f ∈ (G→Hr) by 

f(g) = Er-1(D-1(A')) (A'∈D(Fr) implies that D-1(A') exists, and D-1(A') ∈ Fr implies that 

Er-1(D-1(A')) exists).  If D(↓(⊥,...,g,...,⊥)) = ↓a then a ∈ MAX(D(Ew(g))) and so a∨b 

and a∨c are members of MAX(D(Et(f))) (since MAPD(w)∩MAPD(SC(r))=φ).  However, 

PDOMDS(a∨b) = PDOMDS(a∨c) but a∨b ≠ a∨c.  Thus A ∉ Vdisplay.   
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