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Appendix |

Proofs for Section 3.4.4

Here we present the technical details for Section 3.4.4. Define a set of display

scalars as follows:

DS = {red, green, blue, transparency, reflectivity, vectory, vectory, vectory,

contoury, ..., contourp, X, y, z, animation, selectory, ..., selectory}

Also define a subset of display scalars
DOMDS = {x, y, z, animation, selectorq, ..., selectory} and define
YpomDs = X{lg|d € DOMDS} and Y = X{Iq|d € DS}. Let
PpomDs :Y = YDoMDSs be the natural projection from Y onto Yp (that is, ifa € Y and
b =Ppompbs(a), then for all d € DOMDS, by = ag). Then we can define Vjsp|ay as

follows.

Def. Vyisplay = {A € V| Vb, ¢ € MAX(A). PDomDs(b) = PDomDs(¢) =
b=c}. Thatis, if Aisan objectin Vgjsplay. then different tuples in A cannot have the

same set of values for all display scalars in DOMDS.

In Prop. 1.4 we will define conditions under which the displays of data objects are
members of Vjsplay- First, we prove three lemmas. Note that we use the notation ag

for the d component of a tuple a € X{lq|d € DS}.
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Prop. I.1. Givenatypet € T and A € D(Fy), then, for all tuples a € A,
vd e DS. (d ¢ MAPp(SC(t)) = ag = 1).

Proof. There is B € Fy such that A = D(B). By Prop. F.12 for any a € A there is
b e U such that ya = D(Yb). Since a<A, {b<Bsob e B. Furthermore, by Prop.
F.12, if ag # L then there is s € S and bg # L such that
L(L,....ag,...L) = DA(L,....bg,...,. L)) and d € MAPp(s). By Prop. D.1,
Vs e S. (bg# L = s e SC(t)). Thusag= L = d e MAPp(SC(t)). =

Prop. 1.2. Given a tuple type t = struct{ty;...;tn} € T, A € D(Fy) and
a=ajv..vap € A, where Vi. aj € Aj € D(Fti ), then a e MAX(A) < Vi. aj € MAX(A)).
Proof. Note that a and the aj are tuples, and the sup of tuples is taken
componentwise, so Vd € DS. ag = a1gv...vand. Also note that
I #J = SC(tj) N SC(tj) = ¢, and, by Prop. F.9,
I #] = MAPD(SC(tj)) n MAPD(SC(tj)) = ¢. If there is some i such that aj ¢ MAX(Aj),
then 3bj € Aj. aj <bjso b =ajv...vbjv...van € A. Now, aj <bj= 3d € DS. ajq < bjq
and (since j = i = ajg = L = bjq) ad = ajg and by = bjg, so a <b. Thus a ¢ MAX(A).
Conversely, if a ¢ MAX(A) then 3b € A. a<bwitha=ajv...vap, b =bqv...vby, and
Vi. aj,bj € Aj. Forsomed € DS, ag<bg. Thushg>_1so3j.d e MAPD(SC(tj)), and so

ad < bg = aj < bj (since ag = ajg and bq = bjg). Thus aj ¢ MAX(A;). &
d=0d=4j =0 d = 4d d = Yjd j j

Prop. 1.3. Given a tuple type t = struct{ty;...;tn} € T, and given B; Fti and

Aj = D(Bj) for i=1,..,n, then:

(@)  ifbj e Bjand {aj = D({bj) for i=1,..,n, then {(ajv...vap) = D (bv...vbp))
(®)  Aj={ajl3bj € Bj.Yaj = D(Ibj)}

€  V{l(agv..vap) | Vi. aj € Aj} = {agv...van | Vi. aj € Aj}
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Proof. First we prove (a). Note that the aj and bj are tuples. By Prop. D.1,
Vi#]j. Vs € S. (bjs = L or bjs = 1), so (byv...vbp) exists. Also, by Prop. D.1 and by
Prop. F.12, ¥d € DS. d ¢ MAPp(SC(tj)) = ag = L, and by Prop. F.9,
Vi #]. MAPp(SC(tj)) N MAPD(SC(tj)) =¢,s0 Vi#]. vVd € DS. (ajg =L or ajd = 1),
and so (aqv...vap) exists. Given Jaj = D({bj) then by Prop. F.12, the components of bj
determine the components of aj. If 4x = D(¥(bqv...vbp)) then the components of
(byv...vbp) determine the components of x. Since Vi # . Vs e S. (bjs = L or bjs = 1),
the components of (b1v...vbp) are just the components of each of the bj, so x =
(agv...vap), proving (a).

By Prop. F.12, for all bj € Bj there is aj € Aj = D(Bj) such that Laj = D(¥bj), so
Aj = {aj | 3bj € Bj.laj = D({bj)}. Conversely, by Prop. F.12, for all aj € Aj there is
bj € Bj such that Jaj = D(¥bj), so Aj  {aj | 3bj € Bj.daj = D({bj)}. Together these
prove (b).

Clearly, V{{(ajv...vap) | Vi. aj € Aj} 2 {a1v...van | Vi. aj € Aj}. Pick
a e \/{{(ayv...vap) | Vi. aj € Aj}. By Prop. C.10, there is a directed set
M c U{d(agv...vap) | Vi. aj € Aj} such that a = \/M. However,
U{i(alv...van) | Vi. aj € Aj} = {c| (Vi. Jaj € Aj). c < (aqv...vap)}.
Now, for ¢ < (ajv...vap), by Prop. C.9, ¢ = ((cAajp)v...v(crap)) where (cAaj) € Aj, SO
¢ € {a1v...vap | aj € Aj}. Thus M < {aqv...vap | aj € Aj} such thata = \/M. For each
m e M, let m = (mqv...vmp) where mj € Aj. Then, since sups of tuples are taken
componentwise and since Vi j. vd e DS. (mjg = L or mjg = 1)),
a=\M ={(Vmp)v..v(\Vmp)) | m € M}. However, (\/mj) € Ajsince Aj is closed, so

a € {ajv...van | aj € Aj}. This proves (c). ®
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Now we show that MAX(A) is finite for data objects of typest € T, and

demonstrate conditions on t and D that ensure that displays of data objects of type t are in

Vdisplay-

Prop. 1.4. If D is a display function, then for all typest € T and all A € D(Fy),
MAX(A) is finite. Furthermore, MAPp(DOM(t)) € DOMDS = D(Fy) < Vdisplay-

Proof. We will demonstrate both parts of this proposition by induction on the
structure of t. Note that if t' is a subtype of t, then MAP(DOM(t')) = MAPR(DOM(t)).
Thus, if t satisfies the hypothesis of the second part, then its subtypes also satisfy the
hypothesis of the second part.

Lett € S (note that MAPp(DOM(t)) = ¢ < DOMDS) and let A € D(Ft). Then, by
the Theorem F.14, 3d € MAPp(t). A € V. Furthermore,
AecVg=3Jacld.A={(L,..a,..L),s0 MAX(A) = {(L,...a,...,L)}. MAX(A) has a
single member and is thus finite. Therefore A e Vjsplay and thus
t e S= D(Ft) < Vdisplay-

Let t = struct{t1;...;tn} € T. Given A € D(Fy) there is B € F¢ such that A = D(B)
and 3B1 € Ftl"' 3Bp € Ftn .B={(byv...vbp) | Vi. bj € Bj}. Also let Aj=D(Bj). Then

A=D(B) =

DV/{Ib|beB}) = (by Prop. B.3)
V{D{b) |b e B} =

\V{D{ (byv...vby)) | Vi.bj € Bi} = (by Prop. 1.3 (a))
V{l(ajv...vap) | Vilaj = D(bj) & bj € Bj} = (apply Prop. 1.3 (b) to each i)
V{l(ajv...vap) | Vi.aj € Aj} = (by Prop. 1.3 (c))

{(ayv...vap) | Vi.aj € Aj}



227

Thus A € D(Ft) = 3A1 € D( Ftl)... A € D( Ftn). A={(ayv...vap) | Vi. aj € Aj} and

by Prop. 1.2, MAX(A) = {(a1Vv...vap) | Vi. aj € MAX(Aj)}. By the inductive hypothesis,
the MAX(Aj) are finite, so MAX(A) is finite. Now assume that MAPp(DOM(t)) <
DOMDS but that A ¢ Vgisplay (that is, assume that the second part of the proposition is
not true). Then 3b, c € MAX(A). PDombDs(P) = PDomDs(c) & b#c. Letb =
byv...vbp and ¢ = c1v...vcy where Vi. bj, ¢j € Aj. The sups are taken componentwise for
the tuples b and ¢, so for all d € DS, bq = b1gv...vbpg and cq = c1gv...vCng. Now
Ppombs(b) = PDomDs(c) = Vd € DOMDS. by = ¢g. Pick d € DOMDS, and we will
show that Vi. bjq = cjg. If 3i. d € MAPp(SC(tj)) then Vi' #i. d ¢ MAPp(SC(tj)) and
hence Vi' #i. bj'g = L = cj'g so that bjg = bq = cq = Cjg, and hence Vi. bjq = Cjg. If
Vi.d ¢ MAPP(SC(tj)) then Vi. bjg = L = cjg. Either way, Ppomps(b) = PDomDs(c)
implies that Vd € DOMDS. Vi. bjg = cjq and so Vi. PpombDs(Pi) = PDomDs(Cj)- On
the other hand, b = ¢ = 3e € DS. bg # ce. However, e ¢ MAPD(SC(tj)) = bje = L =Cje
and Vi. e ¢ MAPp(SC(tj)) would imply be = L = ce. Thus 3j. e € MAPP(SC(tj)), and
for this j, bje = be = Ce = Cje (since bje = L = Cjg for i = j). And this implies that, for this
Js bj # Cj. However, by the inductive hypothesis, bj = ¢j, since we have already shown
that PpomDs(bj) = PDoMDS(Cj)- Thus the assumption that A ¢ Vdisplay has led to a
contradiction, so D(Fy) < Vdisplay-

Lett= (array [w] of r) € T. Given A € D(F¢) there is
B e F¢ such that A = D(B), and there is a finite set G € FIN(H,y) and a function

a € (G — Hy) such that

B ={b1vby | geG & by eEy/(9) & bpeEr(a(9))} =
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U{{b1vb2 | b1 Ew(g) & bpcE(a(9))} | g<G}

Define Byy(9) = Ew(9) €Fw, Br(9) = Er(a(g)) €Fr, Aw(9) = D(Bw(9))D(Fw) and
Ar(9) = D(Br(9))eD(Fy). Then

B = U{{b1vby | b1eBy(9) & bpeBr(9)} | geG}
This is a finite union of objects in Fgtryct{w; r} for the tuple type struct{w; r}. Thus,
since the union of a finte set of closed sets is the sup of those sets, and since D preserves
sups,

A=D(B) = U{D({b1vby | by eBy(g) & beBr(0)}) | g G}
which, as shown in the tuple case of this proof, is equal to

U{{arvay | a1eAw(9) & apeAr(9)} | geG}

Recall that MAX(A) is the set of maximal elements of A, so it is clear that if A= A1 U Ay,
then MAX(A) € MAX(A1) U MAX(A2). Thus

MAX(A) c U{MAX({a1 v az| a1 € Aw(9) & a2 < Ar(@)}) | g « G}

and so, by Prop. 1.2,

MAX(A) c U{{a1 v a2 | a1 € MAX(Ay(9)) & a2 € MAX(Ar(9))} | g € G}
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G is finite, and by the inductive hypothesis, MAX(A\(9)) and MAX(Ar(g)) are finite, so
MAX(A) is finite.
Now assume that MAPp(DOM(t)) « DOMDS. As shown for scalars,
MAX(Aw(9)) has a single member, MAX(A(9)) = {a1(9)}. Applying Prop. F.12,
Aw(9) = Ya1(g) = D(Ey(9)) = D(¥b1(g)) where b1(g) = (L.,...,g,....L). Ifg=g', then
b1(g) = b1(g) and a1(g) = a1(g’). Also, given g, there is d € MAPp(w) such that
a1(9) = (L,...,a1¢(Q),...,.L). Since w e DOM(t), then MAPp(w) < DOMDS and
d € DOMDS. Thus g g' = a1(9) = a1(9) = Ppomps(a1(9)) # PDbomps(a1(9))-
Now pick e, f € MAX(A) and assume that Ppomps(e) = PDomps(f). Let
e =eqvep and f = f1vfp with e1 € MAX(Aw(9e)), f1 € MAX(AW(9f)), €2 € MAX(Ar(9e))
and fo € MAX(A(gf)). From what we have just seen,
ge # 0f = PpomDs(e1) # PDombDs(f1). However, since w ¢ SC(r),
MAPp(w) N MAPpP(SC(r)) = ¢ so
Pbombs(e1) # PDoMDs(f1) = PDomDs(e) # PDomps(f). This contradicts our
assumption, so we must have ge = g and, since MAX(A(9)) has a single member for
each g, e1 =f1. Now ep, fo € MAX(Ar(ge)) and MAPp (W) N MAPD(SC(r)) = ¢ implies
that Ppomps(e) = Pbombs(f) = Ppombs(e2) = Pbomps(f2). By the inductive

hypothesis, Ar(ge) € Vdisplay: S0 PDOMDS(e2) = PDOMDS(f2) = €2 = f2. Thuse =
epvep = fvfp =1, establishing that A € Vjsplay and that D(Fy) = Vdisplay: ®

The next proposition shows that the auxiliary function D' provides a way to

compute the maximal tuples of display objects.
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Prop. L.5. If D is a display function, if D" is the auxiliary function defined in
Appendix H, if t € T and if A € Ft, then MAX(D(A)) = {D'(a) | a € MAX(A)}
Proof. By Prop. H.5, D(A) = {D'(a) | a € A}. By Prop. H.2, D' is an order
embedding, so, givena, b € A, —=(a<b) < —(D'(a) < D'(b)). Thus
a € MAX(A) < D'(a) e MAX(D(A)). ®

The inverse of the second part of Prop. 1.4 is almost true. The next two

propositions make this precise.

Prop. 1.6. If D is a display function, if t = (array [w] of r) € T, and if
301, 92 € Hw- (01 # 92 & D(V(L,...1,--.1)) = vby € Vg, &

D (L,....92,.... L)) = b € de & d1, do ¢ DOMDS),

then 3A e D(Fp). A ¢ Vdisplay-

Proof. Let G = {91, 92} € FIN(Hy), pick C € Hy, and define f € (G—Hy) by
f(g1) = C and f(gp) = C. Pick ¢ € Ef(C) such that D(¥c) = la and a € MAX(D(E((C))).
Then (L,...,91,...,.)vcand (L,...,91,...,L)vcC are both members of E(f) € F. Note that
DHA((L,....91,-...L)ve)) = Y(avby) and DR((L,...,92.....L)vc)) = L(avby), so avby and
avby are both members of D(E¢(f)). Clearly by € MAX(D(¥(L,...,g1,-..,.1))) and
by € MAX(D(¥(L,...,g2,...,1))) (since b1 and by are maximal in +bq and {by).
Furthermore, since w ¢ SC(r), d1 ¢ MAPP(SC(r)) and d2 ¢ MAPR(SC(r)), so avbj and
avbp are members of MAX(D(E¢(f))). Foralld e DOMDS, b1g =1 and bpg =L, so

PpompDs(avb1) = Ppombps(avby). Since w ¢ SC(r), d1 ¢ MAPp(SC(r)) and
do ¢ MAPD(SC(r)), so adl =1land ad2 = 1. However, g1 # g2 so b1 # bo and hence

(avbl)d1 # (avbg)d1 and (avbl)d2 # (avbg)d2 (d1 and d2 may or may not be the

same). Thus (avby) # (avhp), so D(Et(f))  Vdisplay- ®
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Prop. 1.7. If D is a display function, if t € T, and if t has a sub-type t' such that
3A" e D(Fy). A" ¢ Vdisplay. then 3A € D(Fy). A ¢ Visplay-

Proof. By an inductive argument, it is enough to prove this when t' is an
immediate sub-type of t. First, let t be a tuple t = struct{ty;...;tn} where t' = tx. Let Ak =
A’ and pick
ak, ak' € MAX(Ak) such that Ppombps(ak) = PDombDs(ak’) and ak = ak'. For i =k, pick
A e D(Fti) and aj € MAX(Aj). Then define A ={byv...vbp | bj € Aj} € D(Ft). Fori=
J» MAPD(SC(tj)) N IVIAPD(SC(tj)) = ¢ soa=ajgv..vagv..van € MAX(A) and
a'=ajpv..vak'v..van € MAX(A). Now
PDoMDSs(a1Vv---van) = Pbomps(@1)v--vPpombps(an) and Pbomps(ak) =
Ppombs(ak') so Ppomps(@gv...vakv...van) = Ppomps(@yv...vag'v...van).

However, aj # a’ S0 ajv...vakv...vap # agv...vag'v...van. Thus A ¢ Vdjsplay:-

Next, let t be an array t = (array [w] of r). In the proof of Prop. 1.4 we saw that
MAX(B’) has only a single member for any B' € D(Fy), and hence B" € Vyjsplay. Thus
t'=rand A" € D(Fy). Pick G = {g} € FIN(Hy), pick b, c € MAX(A") such that
PpombDs(b) = PDomps(c) and b = ¢, and define f e (G—Hy) by
f(g) = Er-1(D-1(AY) (A'eD(Fy) implies that D-1(A") exists, and D-1(A") € Fy implies that
ErL(D-1(AY)) exists). If DA(L,...,g,.... L)) = Ja then a € MAX(D(E(g))) and so avb
and avc are members of MAX(D(E¢(f))) (since MAPp(W)NMAPR(SC(r))=¢). However,

PpompDs(avb) = Ppomps(ave) but avb = ave. Thus A ¢ Vdisplay- ®
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