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Appendix E

Proofs for Section 3.2.4

Here we present the technical details for Section 3.2.4.

Def. Given A € U, define MAX(A) ={a € A| Vb € A. —(a<Db)}. Thatis,

MAX(A) consists of the maximal elements of A.

Zorn's Lemma. Let P be a non-empty ordered set in which every chain has an

upper bound. Then P has a maximal element.

Prop. E.1. VA € U. A c YMAX(A), and hence A = YMAX(A).

Proof. Pick A € Uand a € A and define P3 = {x € A|a<x}. For all chains
C c Py, Cisadirected setand C c A, so b =\/C € A (since A is closed). If C is not
empty, thena <b so b € P5. Thus, every chain in P4 has an upper bound in P4, so by
Zorn's Lemma, P4 has a maximal element d. If there is any ¢ € A such that d < ¢ then
a<csoc e Py, contradicting the maximality of d in P5. Thus d € MAX(A) and
a € YMAX(A). Therefore A {MAX(A). Clearly MAX(A) A, and, since A is closed,
IMAX(A) c VA c A and so A = LMAX(A). B

Prop. E.2. VA, B € U. A =B < MAX(A) = MAX(B).
Proof. Assume A and B are in U. Clearly, A =B = MAX(A) = MAX(B). To show
the converse, assume A = B and, without loss of generality, thata € A & a ¢ B. Since

A c YMAX(A), there must be ¢ € MAX(A) with a < c. However, since B is a down-set,
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c ¢ B, and hence ¢ ¢ MAX(B). Thus MAX(A) # MAX(B). ®

Prop. E.3. VA € U. A =g MAX(A).

Proof. First, MAX(A) <R A, since MAX(A) c A. Now, ifAnC=¢forCc X
open then 3a € AN C. Now, A = +MAX(A) so 3b € MAX(A). a < b. However, since C
isopenb € Csob € An Cand MAX(A) N C = ¢. Thus A <gr MAX(A) and
A =g MAX(A). B

Prop. E.4. Given a tuple type t = struct{ty;...;tn} € T, A € Fy and
a=ajv..vap € A, where Vi. aj € Aj € F,, thena e MAX(A) < Vi. aj € MAX(A;)).
Proof. Note that a and the aj are tuples, and the sup of tuples is taken

componentwise, so Vs € S. ag = aisV...vans. Also note that

I # ] = SC(tj) N SC(tj) = ¢. If there is some i such that aj ¢ MAX(Aj), then

dbj € Aj. aj <bjsob=ajv..vbjv..van € A. Now, aj <bj= 3s € S. ajg < bjgand
(since j # i = ajs = L = bjs) as = ajs and bs = bjs, soa <b. Thusa ¢ MAX(A).
Conversely, if a ¢ MAX(A) then 3b € A. a<bwitha=ajv...vap, b =bqv...vby, and
Vi. aj,bj € Aj. Forsomes € S, ag<bs. Thusbg> 1 so 3j. s e SC(tj), and so

as < bg = aj < bj (since ag = ajg and bg = bjs). Thus aj ¢ MAX(Aj). &
STES AT STEs STES J J

Prop. E.5. For all typest € T and all A € Ft, MAX(A) is finite. Ift € Sand
A=1(L,...a,..,L) € Frthen MAX(A) = {(L,....a,...,1)}. Ift=struct{ty;...;th} € Tand
A={(a1v...vap) | Vi. aj € Aj} € Ft then MAX(A) = {(a1Vv...vap) | Vi. aj € MAX(Aj)}. If
t=(array [w]ofr) e Tand A={ajvay | geG & a1 €E\(9) & apeEr(a(g))} € Ft then
MAX(A) = {a1 v 22| g<G & a1 € MAX(Ew(9)) & ap € MAX(Er(a(9))}.
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Proof. We will demonstrate this proposition by induction on the structure of t.
Lett e Sandlet A € Ft. Then3Ja e Ig. A= L(L,....a,....L), S0 MAX(A) = {(L,...,a,... ) }.
MAX(A) has a single member and is thus finite.

Let t = struct{t{;...;tn} € Tand let A € Ft. By Prop. E.4,
MAX(A) = {(agv...vap) | Vi. aj € MAX(Aj)}. By the inductive hypothesis, the MAX(Aj)
are finite, so MAX(A) is finite.

Lett= (array [w] of r) € T and let A € Ft. There is a finite set G € FIN(H,y) and

a function a € (G — Hy) such that

A={a1vay | geG & a1 cEy(9) & ap<Er(a(g))} =
Uf{a1vay | a1 cEw(0) & apeEr(a(@))} | geG} = U{Aq| g<G}

where we define Ag = {ajvaz | ajeEyw(9) & apeEr(a(9))}. Each Ag is an object in
Fstruct{w; r} for the tuple type struct{w; r}. By Prop. E.4,

MAX(Ag) = {a1 v a2 [ a1 € MAX(Ew(9)) & ap € MAX(Er(a(9)))} =

{(L,....9,...,L) vag | ap € MAX(Er(a(9)))}

Pickg=#g'inG,andb e MAX(Ag) and b' MAX(Ag-). Then there are

bo € MAX(Er(a(g))) and bo' € MAX(E(a(g'))) such that b = (L,...,9,...,L) v bp and
b'=(L,...9...,L) vbo'. If b>Db'then g > g'since by = boy,/' = L. However, this
contradicts the defintion of FIN(Hy,). Thus no b e MAX(Ag) is larger than any

b' e MAX(Ag-) forg=g'in G. Thus
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MAX(A) = MAX(UfAg | 9<G}) = U{MAX(Ag) | g<G} =
Utfa1 v az | a1 € MAX(Ew(9)) & a2 « MAX(Er(a(@)))} |g<G} =
{a v 2| g=G & a1 € MAX(Ey(0)) & a2 € MAX(Er(a(@)}-

G is finite, and by the inductive hypothesis, MAX(E,y(g)) and MAX(E(a(g))) are finite,
so MAX(A) is finite. ®
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Appendix F

Proofs for Section 3.4.1

Here we present the technical details for Section 3.4.1. First, two definitions are

given to provide the context for the work in this and subsequent appendices.

Def. Let S denote a finite set of scalars, let X = X{lg| s € S} denote a set of
tuples, and let U = CL(X) denote the lattice of data objects consisting of closed sets of

tuples whose primitive values are taken from the scalars in S.

Def. Let DS denote a finite set of display scalars, let Y = X{Iq | d € DS} denote a
set of tuples, and let V = CL(Y) denote the lattice of displays consisting of closed sets of

tuples whose primitive values are taken from the display scalars in DS.

Now we prove four propositions that we will use as lemmas in other proofs.

Prop. F.1. Forall A,B € U,JA A {B = L (A A B).
Proof. JAAIB=VANIB={C|C<A}N{C|C<B}={C|C<A&C<B}=
{C|C<AAB}=l(AAB). B

Prop. F.2. D(¢) = ¢ and D({(L,...,L)}) = {(L,...,)}.
Proof. First, note that Vu e U. ¢ <uand Vu e U.u# ¢ = {(L,...,.1)} <u. That

is, ¢ is the least element in U, and {(L,..., 1)} is the next largest element in U. If
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D(¢) =v> ¢, then Ju € U. D(u) = ¢ and u < ¢, which is impossible. Thus D(¢) = ¢.
Similarly, if D({(L,...,1)}) =v>{(L,...,1)}, then Ju e U. D(u) = {(L,...,L)} and
u<{(L,..1)} However, the only u<{(L,...,L)}is ¢, and D(¢) = ¢, so
DH(L,...0)} ={(,....)}. =

Prop. F.3. If D:U — V is a display function, then its inverse D1 is a continuous
function from D(U) to U.

Proof. First, D-1 is a function since D is injective, and D-1 is monotone since D is
an order embedding. D-1 is continuous if for all directed M < D(U), /D-1(M) = D-
1(\/M). However, since D is a homomorphism, D-1(M) is a directed set in U. Thus, since
D is continuous, \/D(D-1(M)) = D(\VD-1(M)), and so D-1(\V\D(D-1(M))) = D-}(D(\/D-
1(m))). This simplifies to D-1(\/M) = \/D-1(M), showing that D-1 is continuous. ®

Prop. F.4. If D:U — V is a display function, then
VM c D(U). /D-1(M) = D-1(\VM).

Proof. Given M c D(U) let N = D-1(M) < U. By Prop. B.2, \/D(N) = D(\/N),
which is equivalent to \/M = D(\/D-1(M)), and applying D-1 to both sides of this, we get
D-1(\/M) = D-YD(VD-1(M))) = V/D-1(M). m

Now we define an open neighborhood of a tuple in X, and prove two more
lemmas. Note that in the following we will use the notation ag to indicate the s

component of a tuple a e X{lg|s € S}.

Def. Given a tuple a € X{lg|s e S} such that ag = [, x] for continuous s, define

neighbor(a) as the set of tuples b such that:
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s discrete = bg > ag
s continuous and ag = L = bg > ag
s continuous and ag # L = bg > ag

(thatis ag =[x, y] and bg = [u,v] = x<uand v <y).

Prop. F.5. Fora e X{lg|s e S}, the set neighbor(a) is open (in the Scott
topology).

Proof. Clearly neighbor(a) is an up set. Let C be a directed set in X{lg|s e S}
such that d = \/C belongs to neighbor(a). The sup is taken componentwise, so
ds =V{cs|c e C} foreachs. Ifsis discrete, then 3¢S € C. cSg=dg > ag. Ifsis
continuous and ag = L, then for any ¢ € C, cg > ag. If s is continuous and ag # L, then ag
and dg are intervals such that dg = [u, v] < [x, y] = a5, withx <uand v <y. Here
u=max{p|3c e C. [p, q] =cs}and v=min{q|3c € C. [p, q] = cg} so there exist
cS1, ¢S9 e Csuch that cS15=[p1, 1] and cSyg = [p2, q2] with x < p1 and g2 <y. Since
C is directed, there must be ¢S e C such that ¢S > ¢S v ¢So, s0 ¢S > ag. Foreachs € S
we have shown that there is ¢S e C such that cSg > ag. Since S is finite, and C is directed,
there is ¢ e C such that ¢ > \/{cS | s € S} > a and ¢ € neighbor(a). Thus neighbor(a) is

an open set.

Prop. F.6. Given aset C — U, B =\/C and an open set A in X{lg| s € S}, then
ANnBzd=>3dce C.AncC=#0.
Proof. B and all ¢ € C are closed, so B is the smallest closed set containing (JC.

All the ¢ e C are down sets, so UC is also a down set. Thus, by Prop. C.10,
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{/M|M c UC & M directed} is closed and hence equal to B. We are given that there is
ay € A N B, so there must be a directed set M in [JC such that y = \/M. However, since
A is open, there must be m € M N A, and since M < UC, there is ¢ e C such that

mecnA 1

Now we define the embeddings of scalar objects and display scalar objects in the

lattices U and V.

Def. For each scalar s € S, define an embedding Eg:lg — U by:
Vb e lg. Eg(b) = $(L,...,b,..., L) (this notation indicates that all elements of the tuple are L

except b). Also define Ug = Eg(lg) < U.

Def. For each display scalar d € DS, define an embedding Eg:lq — V by:
Vb e Ig. Eq(b) = $(L,...,b,...,.L). Also define Vq = Eq(lg) < V.

Next, we use an argument involving open neighborhoods to show that a display
function maps embedded scalar objects to displays of the form {x, where x is a display

tuple. Prop. F.8 will show that these 4x must be embedded display scalar objects.

Prop. F.7. If D:U — V is a display function, then for all s € S,
Vb e lg. 3x € X{Ig|d € DS}. DA (L,...,b,...,1)) = Ix.

Proof. Givens € Sand b € Ig, leta=(L,...,b,...,L) and letz = D(ia). Then
z=\{ly|y ez}, and by Prop. F.4, {a = D-1(z) =\/{D-1(ly) | y € z} (note Ly <z so
D-1(ly) exists).
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Now we know that a € \I{D-1({y) |y € z}. If we could show that
V{D-1{y) |y € 2} = U{D-1({y) | y € z} then there must be x € z such that a € D-1({x).
However, the D-1(1y) are closed sets, and, by Prop. C.8, we can only show that
V{D-1{y) |y € 2} = U{D-1{y) | y € z} if z s finite. Thus we need a more complex
argument to construct x e z such that a € D-1({x).

Define a sequence of tuples ap in U, for n =1, 2, ..., by:

if s is continuous and b = ag = [x, y] for some interval [, y], then
ans = [x-1/n, y+1/n]

if s is continuous and b = ag = 1, thenapg= L

if s is discrete, then apg = ag

forall s' € Ssuch thats'=s, apng' = L

Also define z, = D(dap) < D(Ya) = z, and note that Yap, = V{D1({x) | x € zh}. Now

neighbor(ap-1) is open and Lan N neighbor(ap-1) # ¢, so by Prop. F.6 there must be

Xp € Zp such that D‘l(ixn) M neighbor(an-1) # ¢. Sayy is in this intersection. Then

y € neighbor(ap.1) = an.1 <yandy € D-1({xp) = ly < D-1(lxp) so

lan.1 <dy <D-1(xp). Furthermore, x, € zq3 = D1({xn) < D 1(zp) = Yap, so we have

lan.1 < D1(Ixpn) < dap, or equivalently Ix,.1 < D(¥ap.1) < ¥xn. Thus xp-1 < xp and

the set {x,} is a chain and thus a directed set. Since X{lq|d e DS} is a cpo,

x=\{xpn} € X{Ig|d € DS}. Sincez e U, zis a closed under sups and thus x € z.
Now, Vn. Xn < x50 Vn. dan < D"1({xn+1) < D-1(x). Thusda =\ la, <

D-1({x) (note that a € D-1({x)) and D({a) < ¥x. On the other hand, x e z= Ix <z =

D({a), and so D(da) = {x. =
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Prop. F.7 showed that a display function maps embedded scalar objects to
displays of the form x, where x is a display tuple. Now we show that these {x must be
embedded display scalar objects, and that embedded scalar objects are mapped to

embedded display scalar objects of the same kind (that is, discrete or continuous).

Prop. F.8. If D:U — V is a display function, then
Vs € S. Va € Ug. 3d € DS. D(a) € V.
Furthermore, if s is discrete, then d is discrete, and if s is continuous, then d is
continuous.
Proof. A value u € Ug has the formu = 4(L,...,a,...,.L). Ifa= L then
D(u) = {(L,...,L)} which belongs to V for all d € DS. Otherwise, by Prop. F.7,
3v e X{lg|d € DS}. D(u) = Yv and by Prop. F.2, v > {(L,...,.L)}. If Lvisnotinany
Vg, then some (....e,....f,...) € v with e = L = f. We consider the discrete and continuous
cases separately.
First, consider s discrete. We have {(...,e,...,.L,...) < $vand 3u' € U such that
D) ={(....e,....L,...) < dv =D(u), so u' < u. Butthe only u' less than u are ¢ and
{(L,...,.1)}, and D does not carry them into 4(...,e,...,L,...). Thus {v must be in some V.
Second, consider s continuous. Define wef = (L,....e,...,f,...,L) (that is, e and f are
the only elements in this tuple that are not L). Also define vg = 4(L,....e,...,L,...,..) and
Vi = (L, Ly fo, L), Then ve, v < dwef < dv = D(u) so
Jug, uf < u. (D(ue) = Ve & D(uf) = v§). Now, ve = {(L,...,L)} so ue = {(L,...,L)} and
Jag # L. (L,....8q,...,. L) € Ug and hence 4(L,...,aq,..., L) < Up. Similarly,
Jag# L. ¥(L,...af,...,.L) <us. By Prop. F.1, L(L,....ag A af,...,L) < Ug A Uf. However, ag
and af are real intervals (since they belong to a continuous scalar and are not L), so

ag A af is the smallest interval containing both ag and as. Let ag be this interval. Then
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ag=ag A af# L, and i(i,...,ag,...,L) < Ug A Uf. Thus ug A ug = {(L,...,L)}. On the other
hand, ve A vf = {(L,....L)}. But this contradicts D(Ug A Uf) = Vg A V§, SO 4V must be in
some V.

Next we show that discrete scalar values map to discrete scalar values, and that
continuous scalar values map to continuous scalar values.

Letu=4(L,...a,..,L) € Ug for discrete s with D(u) =v = {(L,...,b,...,L) € Vg and
b= L. Ifdiscontinuous, then 3b". L <b'< b such that
{(L,...D}<d(L,...b... 1) =v' <v. Thus Ju'. D(u') = V' where
{(L,...D}<u<u={(L,..4a...L). Thusu' =J(L,...a'...L) where a' < a, which is
impossible for discrete s, so d must be discrete.

Letu=4(L,...a,..,L) € Ug for continuous s with D(u) = v = L(L,...,b,...,. L) € V4.
Then3Ja'. L<a' <aand {(L,...,)}<(L,..a\..L)=u<u,so

D{(L,....1)}) = {(L,....L)} <D(u") = v' <v. This is only possible if V is continuous. ®

Next we show that embedded objects from different scalars are not mapped to the

same display scalar embedding.

Prop. F.9. If D:U — V is a display function, then for all sand s' in S,
(s#s'&uUg € Ug & up € Ug & ug # L #up & D(ug) € Vg & D(up) € Vgr) =>d=d".

Proof. Let va = D(ug) and vy = D(up). Assume that vg and vy are in the same
Vg.andlet  ug=4(L,...a,..,L,.., 1),

up = $(Lyor Ly, L),

Va = ¥(L,...e,...,.L) and

Vp = $(L,.f L), Wherea= L#band e = L # 1.
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This notation indicates that ug and up are in different Ug, and that vy and vy are in the
same V.

First, we treat the continuous case. ug A up = {(L,...,.)} and, by Prop. F.1,
Va AVp = $(L,...e Af,...,L). eand fare real intervals, and e  f is the smallest interval
containing both e and f. Thus e A f# L so vg A vp = {(L,...,L)}, which contradicts
D(ug A Up) = Vg A Vp. Thus vy and vy must be in the same Vg.

Second, treat the discrete case. Note that
Ug v up = {(L,0@yees Ly L), (Lo Lyesbye, L), (e, L)} @and
D(ug v up) =vg v vp = {(L,....e,..., L), (L,...f,... ), (L, DT
Letx =4(L,...a,.,b,...L) =
{(L,evyeensbyes L), (L@ Ly L), (Lo Ly by L), (L, L)} > Ug v Up.
Sety =D(x). Theny>vg v vpso thereis (L,...,d,...,.L) €y (all elements of this tuple are
1 except g) such that (L,...,e,...,1) # (L,...,9,...,L) # (L,...,f,...,L). [Infact(L,...,0,...,.L)
may not even be in the same V that (L,...,e,...,L) and (L,....f,...,L) are in.] Now if
(L,....9,...,L) =y then e < g and f < g which is impossible in the discrete order of 14
Thus V(L,...,0,....L) <y and so 3w < x. D(W) = {(L,...,g,...,.L.). However, the only w less
than x are ¢, {(L,...,1)}, ug , up and uz v up. This contradicts g = e and g=f. Thus vy

and vy must be in the same Vy. B

As a corollary of Prop. F.9, we show that only embedded scalar objects are
mapped to embedded display scalar objects (that is, non-scalar objects must be mapped to

non-display scalar objects).

Prop. F.10. If D:U — V is a display function, then
Vvd € DS. (D(u) € Vg=3s € S. u € Uy).
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Proof. If u € U is not in any scalar embedding, then 3(...,e,...,f..) e u.e# L # 1.
Assume D(u) =v € V¢. Then (L,....e,...,.L,....L) e uand (L,...,.L,...f....,.L) € u, so
Y(Lyyon e, ) <uand V(... L,...,f,..., L) < u, and thus D(L,....,...,L,..., 1)) € V{4
and D((L,...,L,...f,..., 1)) € Vg. However {(L,...e,...,.L,...L) and L(L,....L,...f,..., L) are
in two different scalar embeddings and, by Prop. F.9, cannot both be mapped to Vy4. Thus

D(u) cannot belong to any display scalar embedding. ®

Next, we show that all embedded objects from a continuous scalar are mapped to
embedded objects from the same display scalar. Note, however, that embedded objects
from the same discrete scalar may be mapped to embedded objects from different display

scalars.

Prop. F.11. If D:U — V is a display function and if s is a continuous scalar, then
YUy, Up € Ug. (D(ug) € Vg & D(up) € Vg' & ug # L #up) = d =d).

Proof. Let v4 = D(ugy) and vp = D(up). Assume that s is continuous and that vy
and vy are in different V. Let

Ug = 4(Lyendyen, L),

up = $(L,e. b, L),

Va = 4(L,.8,.rLen, L) @nd

Vp = $(Lyery Ly L), Wwherea = L zband e = L # 1.
This notation indicates that ug and up are in the same Ug, and that vy and vy are in
different Vg. Now vy A vp = {(L,...,L)} and, by Prop. F.1, ug A up = i(L,...,a ADb,...,1).
Since a and b are real intervals, a A b is the smallest interval containing both a and b, so
anb= 1. However, this contradicts D(ug A Up) = Vg A V. Thus, vg and v must be in

the same Vy. ®
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Now we show that a display function maps objects of the form Ja, for
a e X{lg|s e S}, to objects of the form {x, for x ¢ X{lq | d € DS}, and conversely.
Furthermore, the values of display functions on objects of the form la are determined by
their values on embedded scalar objects. Given this, it is an easy step in Prop. F.13 to
show that the values of display functions on all of U are determined by their values on

embedded scalar objects.

Prop. F.12. If D:U — V is a display function and if a is a tuple in X{lg|s e S}
then there exists a tuple x in X{Iq | d € DS} such that D(Ya) = {x. Conversely, if x isa
tuple in X{lg | d € DS} such that 3A € U. x € D(A), then there exists a tuple a in
X{lg|s € S} such that D(Ya) = {x. From Prop. F.8 we know that for all s € S,
ag# 1 =3d e DS.3yg € Ig. (yg = L & ¥(L,...yds-r L) = DAL, 8., L)),
and similarly, from Prop. D.3 we know that for all d € DS,

Xd#L=3s €S 3bgels. (bg# L &I(L,...xg....L) = DA(L,....bg,..., L)),

Here we assert that for all s € S, ag # L = ag = bg, and for all d € DS, xq # L = Xq = Yd.
That is, the tuple elements of a determine the tuple elements of x, and vice versa,
according to the values of D on the scalar embeddings Us.

Proof. This is similar to the proof of Prop F.7. Givena e X{lg|s e S}, let
z=D(a). Thenz=\/{ly|y ez}, and by Prop. F.4, Ya=D-1(z) = \{D-1(ly) | y € 7}
(note 1y <z so D-1({y) exists).

Define a sequence of tuples ap in U, for n =1, 2, ..., by:
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s discrete = apg = ag
s continuous and ag = L = apg = ag

s continuous and ag = [X, Y] = ang = [x-1/n, y+1/n].

Also define z, = D({ap) < D(Ya) = z, and note that Yap, = V{D1({x) | x € zh}. Now
neighbor(an-1) is open and Van N neighbor(ap.1) # ¢. By Prop. F.6 there must be
Xp € Zp such that D'l(ixn) M neighbor(an-1) # ¢. Sayy is in this intersection. Then
y € neighbor(ap.1) = an.1 <yandy € D-1({xp) = Iy < D-1(lxp) so
lan.1 <dy <D-1(xp). Furthermore, x, € 3 = D1(Ix) < D1({zp) = ap, so we
have ap.1 < D-1({xp) < lap.

Now consider the tuple components of ap and x,. Define xp' by
(L, Xng seonrk) = DU, @ng,-., L)), and set xpq' = L for those d not corresponding to
any ang # L. Also define an' by ¥(L,...Xnds--..l) = D(L,...,ang',.....L)) for those d such
that xpq # L, and set apg' = L for those s not corresponding to any xpg # L. Note that (
LX) <3 50 3w € U. L(L,... Xpg.-. L) = D(W), and, by Prop. D.3, w must have
the form 4(L,...,ang',....L), S0 ang' exists for xng = L. First, we use D-1({x) < lap to

show that:

@  Y(LXngeend) <dxp =
V(Lyoang' s l) = DLA(L, . Xpgh-n L)) < D1(dxp) < ap =
ans' < ans =
Y(Lyng L) < V(L,.nang, L) =
(L, Xngheonk) = DA(L,-.o@ng'se L)) <
DR (L,.@ng, k) = V(Lo Xng e l) =

Xnd < Xnd’
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The transition from the fourth to the fifth line in (a) shows that if ang and apg' are in the
same scalar s, then xpq and xpq' are in the same display scalar d. Next, we use

lap < D-1({xn+1) to show that:

b0  d(L,...ang....L) <dag =
(L, Xnd s k) = DL, @ng,... L)) < DRap) < xp+1 =
Xnd' < X(n+1)d =
Y(LoXnd ) S (L Xt 1) oo L) =
V(Lyoangnl) = DAL, Xng s l)) <
DI (L, X(n+1) o)) = H(LseensB(n41)5 e L) =

ans < a(n+1)s

The transition from the fourth to the fifth line in (b) shows that if xng and X(n+1)q" are in
the same display scalar d, then aps and a(p+1)s' are in the same scalar s.

Putting (a) and (b) together shows that ans' < ans < a(n+1)s' @nd Xnd < Xpg' <
X(n+1)d forall sand d. If d is a discrete display scalar, then there is an n such that
VM 2 Nn. Xmd = Xnd, and define X4 = xpg. If d is a continuous display scalar, then there
either all the xpg are L or there is an n such that
Vi, j=n.i2j= Xid = [uj, Vil < [Uj, Vjl = Xjd. In the first case, define Xg = L and in the
second case define xq = [u, v] ={[uj, vj] | i > n}. Inany case, x4 = V\nXng, and defining
x as the tuple with components xg, X = VVpxp. Since z is closed, {xp} is a directed set, and

Vn. Xp € z, thenx € z.
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By definition, a = \/ap,. We have already shown that a1 < D-1({xp), so
an-1 € D-1(xp) = D-1(Ix). Since D-1({x) is closed, a € D-1({x) and thus la <
D-1(x). However, x e z, so D-1({x) < la and thus Ya = D-1({x). Define x' and a' by
(L, Xnd seonrk) = DAL @ng,e- L)) @nd Y(L,... Xndheorl) = DY(L,....80g -...-L).
Then we can apply the logic of (a) and (b) (using {a < D-1({x) < la) to show that
ag' <ag<ag and Xg < xg' < Xg, which is just ag = ag' and xg = Xq". Thus D takes the set
of tuple components of a into exactly the set of tuple components of x.

For the converse, we are given a tuple x in X{Iq | d € DS} such that
JA € U. x € D(A). Then {x<D(A) and 3z < A. Ix = D(z) = \I{D(Ib) | b € z}. After
this, the argument for the converse is identical, relying on properties of D that are shared
by D-1. D-1is a homomorphism from D(U) to U, and Props. F.3 and F.4 show that D-1
is continuous and preserves arbitrary sups. In the argument D-1 is only applied to

members of V that are less than {x, where D-1 is guaranteed to be defined. ®

Proposition F.13 will show that the values of display functions on all of U are
determined by their values on the scalar embeddings Ug, which is particularly interesting
since most elements of U cannot be expressed as sups of sets of elements of the scalar

embeddings Usg,.

Prop. F.13. If D:U — V is a display function, then its values on U are determined
by its values on the scalar embeddings Us.

Proof. Forallu € U, u = \/{{x | x € u}. By Prop. B.2, D(u) = \{D({x) | x € u}.
Now, each x e u is a tuple so by Prop. F.12, D($x) is determined by the values of D
applied to the tuple components of x. Thus D(u) is determined by the values of D on the

scalar embeddings Ug. ®
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The propositions in Appendix F are combined in the following definition and

theorem about mappings from scalars to display scalars.

Def. Given a display function D, define a mapping MAPp: S — POWER(DS) by
MAPD(s) ={d € DS | 3a € Ug. D(a) € Vq}.

Theorem. F.14. Every display function D:U — V is an injective lattice
homomorphism whose values are determined by its values on the scalar embeddings Usg.
D maps values in the scalar embedding Ug to values in the display scalar embeddings V4
ford e MAPp(s). Furthermore,

s discrete and d € MAPp(s) = d discrete,
s continuous and d € MAPp(s) = d continuous,
s #s' = MAPP(s) N MAPR(s) = ¢,

s continuous = MAPP(s) contains a single display scalar.



